Gravitational-wave detection and parameter estimation for accreting
  black-hole binaries and their electromagnetic counterpart by Caputo, Andrea et al.
Draft version June 15, 2020
Preprint typeset using LATEX style emulateapj v. 12/16/11
GRAVITATIONAL-WAVE DETECTION AND PARAMETER ESTIMATION FOR ACCRETING BLACK-HOLE
BINARIES AND THEIR ELECTROMAGNETIC COUNTERPART
Andrea Caputo1, Laura Sberna2, Alexandre Toubiana3,4, Stanislav Babak3,8, Enrico Barausse5,6,4, Sylvain
Marsat3, Paolo Pani7
Draft version June 15, 2020
ABSTRACT
We study the impact of gas accretion on the orbital evolution of black-hole binaries initially at
large separation in the band of the planned Laser Interferometer Space Antenna (LISA). We focus
on two sources: (i) stellar-origin black-hole binaries (SOBHBs) that can migrate from the LISA band
to the band of ground-based gravitational-wave (GW) observatories within weeks/months; and (ii)
intermediate-mass black-hole binaries (IMBHBs) in the LISA band only. Because of the large number
of observable GW cycles, the phase evolution of these systems needs to be modeled to great accuracy
to avoid biasing the estimation of the source parameters. Accretion affects the GW phase at negative
(−4) post-Newtonian order, being thus dominant for binaries at large separations. Accretion at the
Eddington or at super-Eddington rate will leave a detectable imprint on the dynamics of SOBHBs. For
super-Eddington rates and a 10-years mission, a multiwavelength strategy with LISA and a ground-
based interferometer can detect about 10 (a few) SOBHB events for which the accretion rate can
be measured at 50% (10%) level. In all cases the sky position can be identified within much less
than 0.4 deg2 uncertainty. Likewise, accretion at & 100% of the Eddington rate can be measured
in IMBHBs up to redshift z ≈ 0.1, and the position of these sources can be identified within less
than 0.01 deg2 uncertainty. Altogether, a detection of SOBHBs or IMBHBs would allow for targeted
searches of electromagnetic counterparts to black-hole mergers in gas-rich environments with future
X-ray detectors (such as Athena) and/or radio observatories (such as SKA).
Subject headings: gravitation - black hole physics - accretion, accretion disks – LISA
1. INTRODUCTION
Among the main gravitational-wave (GW) sources de-
tectable by the future Laser Interferometer Space An-
tenna (LISA) (Audley et al. 2017) are binary black holes
with relatively small masses, down to a few tens of solar
masses (Sesana 2016). LISA can detect these systems
when they are still at large separations and thus probe
their low-frequency dynamics. In more detail, these sys-
tems include: (i) stellar-origin black hole binaries (SOB-
HBs) of a few tens up to ∼ 100M, whose coalescences
are also observed by terrestrial GW detectors (Abbott
et al. 2019); and, if they exist, (ii) intermediate mass
black hole binaries (IMBHBs) with component masses
in the range (102, 105)M (Miller and Colbert 2004).
SOBHBs will be first observed in the LISA ∼ mHz
band, and will then disappear for weeks/months before
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entering the & 1 Hz band of ground detectors, where
they merge (Sesana 2016). Despite this frequency gap,
piercing together the LISA low-frequency regime and the
terrestrial high-frequency merger will allow for effectively
observing these systems for 105–106 GW cycles. There-
fore, even small inaccuracies in modeling the GW phase
evolution will bias the estimation of the parameters (and
particularly the merger time) or even prevent detection
by LISA.
IMBHBs might be detected by LISA for the first time
for a whole range of total masses and mass ratios, with
the lighter binaries spending more time in band. While
the existence of intermediate-mass black holes has not
been confirmed yet, several candidates exist (see e.g.
Mezcua 2017, for a review), and they might also pro-
vide seeds for the growth of the supermassive black holes
that are ubiquitously observed in the local universe (see
e.g. Mezcua 2017; Latif and Ferrara 2016). While
their formation mechanism is unknown, proposed sce-
narios include direct collapse of massive first-generation,
low-metallicity Population III stars (Madau and Rees
2001; Schneider et al. 2002; Ryu et al. 2016; Kinugawa
et al. 2014), runaway mergers of massive main sequence
stars in dense stellar clusters (Miller and Hamilton 2002;
Portegies Zwart and McMillan 2002; Atakan Gurkan,
Freitag and Rasio 2004; Portegies Zwart et al. 2004;
Mapelli 2016); accretion of residual gas onto stellar-origin
black holes (Leigh, Sills and Boker 2013); and chemically
homogeneous evolution (Marchant et al. 2016).
Both SOBHBs and IMBHBs offer the potential to con-
strain low-frequency modifications of the phase evolu-
tion, if the latter are included in the GW templates
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2used for the analysis in the LISA band. Such low-
frequency phase modifications may appear, e.g., if the
dynamics of these systems is governed by a theory ex-
tending/modifying general relativity (Barausse, Yunes
and Chamberlain 2016; Carson and Yagi 2019a; Gnocchi
et al. 2019), or as a result of interactions (already within
general relativity) of the binary with the surrounding gas,
if the latter is present (Barausse, Cardoso and Pani 2014,
2015; Tamanini et al. 2019; Cardoso and Maselli 2019).
There is currently no evidence that the SOBHBs ob-
served by GW detectors live in gas-rich environments
– and no electromagnetic (EM) counterpart to these
sources has been detected so far (Abbott et al. 2016b).
Binaries involving accreting stellar-origin black holes are
observed in X-rays (Charles and Coe 2003), but the ac-
creting gas is provided by a stellar companion. However,
gas may be present earlier in the evolution of SOBHBs,
and some of it may survive in the binary’s surroundings.
For instance, in the field-binary formation scenario (Ab-
bott et al. 2016a) for SOBHBs, gas plays a key role in
the common envelope phase, although the latter typi-
cally precedes the merger by several Myr. Also note
that SOBHBs may form preferentially in the gas-rich nu-
clear regions surrounding AGNs (McKernan et al. 2018)
– as a result e.g. of Kozai-Lidov resonances (Antonini
and Perets 2012) or simply fragmentation/instabilities
of the AGN accretion disk (Stone, Metzger and Haiman
2017). Furthermore, accretion onto stellar-origin or
intermediate-mass black holes has been proposed as an
explanation for ultra-luminous X-ray sources (see e.g.
Miller, Fabian and Miller 2004). Accretion, in combina-
tion with mergers, is also thought to be the main channel
via which black hole seeds evolve into the supermassive
black holes we observe today.
Therefore, at least some SOBHBs or IMBHBs may still
be accreting matter in the LISA band and perhaps even
at merger. The accretion-driven EM emission may not
have been detected because these sources are too far9,
because accretion is radiatively inefficient (Frank, King
and Raine 2002), or because the sky position uncertainty
provided by GWs is too large for follow-up campaigns.
Note also that LISA is expected to detect up to several
tens of SOBHBs (Sesana 2016; Tamanini et al. 2019). If
only one such system were accreting, and if the possibil-
ity for accretion were not included in the GW templates
used for the analysis, the parameter estimation may mis-
takenly point towards a modification of general relativ-
ity (Barausse, Yunes and Chamberlain 2016; Carson and
Yagi 2019a; Gnocchi et al. 2019) – a claim that would
have groundbreaking effects on physics. Furthermore,
LISA may provide an accurate sky localization for these
sources, thus increasing the chances of detecting a pu-
tative EM counterpart, with important implications for
multimessenger astronomy and cosmology.
With these motivations, in this work we analyze the
effect of gas accretion on standalone IMBHB LISA de-
tections and on joint LISA+ground multiwavelength
SOBHB observations. We find that accretion introduces
9 Note for instance that accreting black holes in X-ray binaries
are mostly observed in the Galaxy, with only a few observed in
nearby galaxies. Among the latter, the farthest is M83 (Ducci
et al. 2013) which is only ∼ 4.5 Mpc away, vs the several hundred
Mpc of the LIGO/Virgo SOBHBs (Abbott et al. 2019).
a −4 Post-Newtonian (PN) correction to the phase10,
thus potentially dominating over the GW-driven evolu-
tion at low frequencies (see also e.g. Holgado and Ricker
2019). The systems we consider will be driven by grav-
itational wave emission, with accretion acting as a per-
turbative correction and therefore leaving an imprint on
the GW phasing. We explore the consequences of this
fact for GW parameter estimation, i.e. we assess both
with what uncertainty the accretion rate can be recov-
ered when the possibility for accretion is included in the
templates, and how much the estimate of the binary pa-
rameters will be biased if it is not. We also look at the
prospects of identifying the EM emission from accret-
ing SOBHBs and IMBHBs with observational facilities
available when LISA flies.
In Section 2 we begin by summarizing the effect of
accretion on the GW waveform and on the binary evo-
lution. In Section 3 we describe how we generate as-
trophysical catalogues and simulate future detections.
We present our results in Section 4 and we summarize
them in Section 5. We use geometrized units in which
G = c = 1. We denote the total mass by M = m1 +m2,
the reduced mass by µ = m1m2/M , and the chirp mass
by M = (µ3M2)1/5.
2. SHIFT OF THE MERGER TIME AND
WAVEFORM CORRECTIONS DUE TO
ACCRETION
Let us parametrize the mass accretion rate of each com-
ponent of a (circular) black-hole binary (with masses mi,
i = 1, 2) by the Eddington ratio
fEdd,i =
m˙i
m˙Edd
, (1)
where m˙Edd ' 2.2× 10−8
(
mi
M
)
M yr−1 is the Edding-
ton accretion rate (obtained from the Eddington lumi-
nosity assuming radiative efficiency η = 0.1). Since the
accretion timescale exceeds the dynamical timescales of
the binary when the latter is in the frequency band of
LISA or ground detectors, the effect on the phase can
be computed using the stationary phase approximation,
and to the leading order at low frequencies it reads (c.f.
derivation in Appendix A)
φacc ∼ αfEdd f−13/3 , (2)
where f is the GW frequency and α is a coefficient that
depends on the binary parameters. Since the leading-
order term in the phase in vacuum is ∼ f−5/3 (Maggiore
2008), this is a -4PN term, which dominates the binary
evolution at low frequencies. In the frequency range of
LISA observations, due to the smallness of the prefactor,
this term will be a small correction to the vacuum GW
phase. In other words, our SOBHB and IMBHB sources
will emit GWs well above the frequency at which accre-
tion becomes subdominant,
f  1.1× 10−4
(
fEdd
1
)3/8( M
10M
)−5/8
Hz , (3)
10 In the GW phase, a nPN correction scales as (v/c)2n ∼ f2n/3
(v and f being the binary’s orbital velocity and the GW frequency)
relative to the leading-order general relativistic term.
3see Appendix A.
As a result of accretion, the phase evolution acceler-
ates and the binary merges earlier (i.e. in less time and
in fewer GW cycles) than in vacuum. Note that in this
work we neglect for simplicity the hydrodynamic drag
produced by the transfer of linear momentum by the ac-
creting gas (Barausse and Rezzolla 2008; Chen and Shen
2019), which would further contribute to the shift of the
merger time (see Appendix A).
In Fig. 1 we show the time T needed for a SOBHB to
enter the band of ground detectors (top panel), the time
difference ∆T in the merger time induced by accretion
(middle panel), and the difference ∆φ in the total (accu-
mulated) GW phase due to accretion (bottom panel), as
functions of the initial GW frequency in the LISA band
and for various SOBHB masses. All these quantities can
be computed either numerically solving Eq. (A6) or us-
ing the perturbative expansions in Eqs. (A10–A11). The
two approaches are in excellent agreement because the
contribution of accretion is subdominant in all cases.
As a useful rule of thumb, time differences ∆T >
10 s (Sesana 2016) and phase differences & 1 rad (Flana-
gan and Hughes 1998; Lindblom, Owen and Brown 2008)
are large enough to be detectable.
For low initial frequency, the effect of accretion on ∆T
and on the phase is stronger, but the time T is also very
large, i.e. multi-wavelength observations will be impos-
sible in practice. One may try to detect accretion with
LISA data alone, but note that the mission’s duration
will not exceed 10 yr (with a nominal duration of 4 yr),
due to the finite consumables carried by the spacecraft.
For these reasons, we mark in Fig. 1 the phase and time
differences for a SOBHB that enters the band of ground
detectors in 10 (4) yr by full (empty) circles. The part
of the curves to the right of these circles then corre-
sponds to T < 10 yr (T < 4 yr), which would make a
joint LISA+ground detection possible in pratical terms.
Overall, the results of Fig. 1 (which scale linearly with
fEdd) suggest that only fEdd > 0.1 would give a poten-
tially detectable effect, i.e. ∆T > 10 s and ∆φ & 1.
We will verify this with more rigorous techniques in the
following.
3. MEASURING ACCRETION EFFECTS FOR
SOBHBS AND IMBHBS
In order to quantify the ability of multiband SOBHB
detections and standalone IMBHB observations to con-
strain the accretion model, we perform two analyses:
(i) A simple Fisher matrix analysis to explore the whole
parameter space, and (ii) a more refined Monte Carlo
Markov Chain (MCMC) analysis for the best candidate
events. Note that the Fisher matrix analysis is only valid
for large signal-to-noise ratios (SNRs) (Vallisneri 2008).
Therefore, we expect it to provide only qualitatively cor-
rect results for SOBHBs in the LISA band (for which
the SNR is at most 15− 20 in the most optimistic cases,
see below). Nevertheless, we expect the Fisher matrix
analysis to be accurate for the IMBHBs we consider, for
which SNR = O(100).
In both the Fisher and MCMC analyses we only ac-
count for the contribution due to accretion in the GW
phase, and neglect the subleading contribution to the am-
plitude. Since accretion is important at low frequency,
high-order PN terms (including the spin) should be ir-
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Fig. 1.— Time needed to enter the band of terrestrial detec-
tors neglecting accretion (top), time difference caused by accre-
tion (middle), and corresponding GW phase difference (bottom),
as functions of the initial GW frequency for three equal-mass SOB-
HBs. We choose fEdd = 1 as a reference, since the time and phase
differences scale linearly with fEdd. The full (empty) circles mark
the points corresponding to T = 10 yr (T = 4 yr). The systems
to the right of the full (empty) circles therefore have T < 10 yr
(T < 4 yr).
relevant for our analysis, but we include them for com-
pleteness and to estimate possible correlations.
For simplicity, in the Fisher analysis we also neglect
the motion of the antenna during the observation. This
is instead included in the MCMC analysis, in order to
estimate the ability to localize the source in the sky and
measure the accretion rate at the same time.
Finally, we consider two situations: one (referred to as
LISA+Earth) in which we simulate a multiband SOBHB
detection (LISA combined with a ground-based interfer-
ometer) and another (referred to as LISA-only) in which
we simulate a standalone (either SOBHB or IMBHB) de-
tection by LISA. In the LISA+Earth case, to simulate a
multiband detection one can follow two options: com-
bine statistically the noise curves of LISA with that of
a given ground-based detector or, alternatively (but less
rigorously), assume that the merger time can be com-
puted independently by the ground-based detector, so
that the dimension of the parameter space of the analy-
sis is effectively reduced. In the Fisher analysis, we follow
4the latter, simpler approach, and we therefore effectively
remove the merger time from the template parameters in
the LISA+Earth case. In the MCMC analysis we keep
tc as a free parameter, restricting it by using a narrow
prior. In all cases we adopt the LISA noise curve re-
ported by Audley et al. (2017), whose high frequency
part is based on a single link optical measurement sys-
tem noise of 10 pm/
√
Hz.
3.1. Fisher analysis and event rates for SOBHBs
In the Fisher analysis we adopt a TaylorF2 tem-
plate approximant for spinning binaries up to 3.5PN or-
der (Droz et al. 1999), with the addition of the leading-
order accretion term presented in Eq. (2). Therefore, our
GW template for the Fisher analysis has seven param-
eters (masses, merger time and phase, the two dimen-
sionless spins χ1,2, besides the Eddington accretion ratio
fEdd).
Given a waveform template h(~ζ, f) in the frequency
domain and a set of waveform parameters ~ζ, the error
associated with the measurement of parameter ζa (with
all other parameters marginalized upon) is σa =
√
Σaa,
where the covariance matrix Σab is given by the inverse
of the Fisher matrix, Γab =
(
∂ζah|∂ζbh
)
~ζ=~ζ0
. Here, ~ζ0
are the injected values of the parameters, and the inner
product is defined by
(g|h) = 4 Re
∫ fmax
f0
df
h˜(f)g˜?(f)
Sh(f)
, (4)
where Sh(f) is the detector noise spectral density.
While the number (and the very existence) of IMBHBs
in the LISA band is very uncertain, our Fisher-matrix
analysis, coupled with simulated astrophysical popula-
tions calibrated to the LIGO/Virgo data, can easily pro-
vide estimates of the number of SOBHBs detectable by
LISA for which accretion can be measured. The intrinsic
number of SOBHBs merging per (detector-frame) unit
time and (source-frame) masses is given by (Hartwig
et al. 2016)
dN˙
dm1dm2
=
∫
dz R
dt
dz
d2p
dm1dm2
4pid2C , (5)
where dC is the comoving distance, R = 53.2 Gpc
−3yr−1
is the best estimate for the intrisic merger rate mea-
sured by the first and second LIGO/Virgo runs (Abbott
et al. 2019), the probability distribution function for the
source-frame masses – d2p/dm1dm2 – is given by “model
B” of Abbott et al. (2019), while
dt
dz
=
1
H0(1 + z)
√
Ωm(1 + z)3 + ΩΛ
is computed using our fiducial cosmology H0 =
67.9 km/s/Mpc, Ωm = 0.306, ΩΛ = 0.694 (Ade et al.
2016). In order to obtain synthetic astrophysical cata-
logues of merging as well as inspiraling sources, we use
Eq. (5) to simulate mergers in a period much longer
than the LISA mission duration, by assuming a uni-
formly distributed merger time tc. The latter can be
easily converted into the initial GW frequency f0 =
[5/(256 tc)]
3/8M−5/8/pi, where f0, tc, and the chirp mass
M must be computed in the same (detector- or source-)
frame.
We constrain the comoving distance in the range dC ≤
2 Gpc and the initial source frame GW frequency in the
range f0 ∈ [4 mHz, 10 Hz]. For the chosen mass model
we generate 20 realizations, and for each realization we
consider two LISA mission durations (4 or 10 yr), for a
total of 40 catalogues.
In the LISA-only case for SOBHBs, we assume that
a single event within the catalogue is detected if either
of the following conditions occurs (Moore, Gerosa and
Klein 2019; Tamanini et al. 2019)
tc < 100 yr and SNR ≥ 15, or
tc > 100 yr and SNR ≥ 10 ,
where the latter SNR threshold is lower because bina-
ries with long merger times are accurately described by
Newtonian waveforms in the LISA band (Mangiagli et al.
2019) and can be therefore detected by a different search
strategy (Tamanini et al. 2019), akin e.g. to the one used
for white-dwarf binaries.
In the LISA+Earth case, the SNR threshold is lower
for events that can be detected on Earth (Moore, Gerosa
and Klein 2019; Tamanini et al. 2019)
tc < 10 yr and SNR ≥ 9.5 . (6)
These events would indeed be detected through an
archival search following their ground-based detection.
3.2. MCMC with sky localization and antenna motion
For the MCMC analysis we adopt the PhenomD tem-
plate (Husa et al. 2016; Khan et al. 2016) with the in-
clusion of the phase term due to accretion. In this case
we also account for the motion of the antenna during
the observation. More specifically, the standard part
of the GW template is the same as in Tamanini et al.
(2019) and contains five additional parameters besides
those adopted for the Fisher matrix analysis: two angles
identifying the source position with respect to the detec-
tor (φ,θ), the GW polarization (ψ), the inclination of the
system (ι), and the luminosity distance (dL).
In the LISA-only scenario we use f0 as sampling
parameter and assume a flat prior for it. In the
LISA+Earth scenario we use tc with a Gaussian prior
centered around the true value with width σtc = 10
−3 s
which models the fact that tc can be measured with great
precision in this scenario. For IMBHBs, we consider a
single LISA-only scenario.
When including the source location, different realiza-
tions of the angles for the same astrophysical system yield
different SNRs. This affects the precision within which
one can recover the parameters of the source, including
the sky position itself and fEdd. In order to cross-check
results obtained with our Fisher matrix analysis and to
quantify this variability, we select from the catalogue an
astrophysical system for which the accretion parameter
can be measured precisely through the Fisher matrix ap-
proach, and draw three different realizations of (φ, θ, ψ,
ι) yielding a low SNR ∼ 9, a medium SNR ∼ 15, and a
high SNR ∼ 20, respectively. The medium SNR system
is chosen so that its SNR is close to the value obtained
by averaging over the angles.
5TABLE 1
Number of detectable SOBHB events for various configurations. “All” stands for the total number of detectable
events, whereas 100%, 50%, and 10% stand for the number of events for which fEdd is measured with a relative error of
100%, 50%, and 10%, respectively, according to the Fisher analysis. All numbers are averaged over 20 catalogues and
presented with 1σ errors. Super-Eddington accretion will be detectable for a good fraction of multiband events if the
LISA mission duration is 10 years.
LISA+Earth LISA-only
Duration All fEdd 100% 50% 10% All fEdd 100% 50% 10%
4 yr 88 ± 8 1 0.1 ± 0.2 0 0 77 ± 8 1 0 0 0
10 4.1 ± 2.3 1.7 ± 1.2 0.1 ± 0.2 10 1.6 ± 1.4 0.6 ± 0.6 0
10 yr 207 ± 11 1 5.2 ± 1.9 1.1 ± 1.2 0.1 ± 0.2 182 ± 10 1 1.5 ± 1.2 0.4 ± 0.7 0
10 36 ± 4 32 ± 3 5.2 ± 1.9 10 11 ± 3 9.5 ± 2.7 1.5 ± 1.2
For IMBHBs, we consider two systems (see details in
the next section): one merging in the LIGO/Virgo band,
and one with higher masses, merging at lower frequen-
cies. We choose the inital frequency so that both systems
merge in 10 yr, the longest possible LISA mission dura-
tion.
For each of these systems we perform a full Bayesian
analysis (see Appendix B). We simulate GW data d(f) as
it would be measured by LISA, computing the response
of the detector (accounting for the constellation’s mo-
tion) by following Marsat and Baker (2018). We work
in the zero noise approximation in order to speed up
the computation. Adding noise to the GW signal should
not affect the parameter estimation drastically, leading
mostly to a displacement in the maximum of the param-
eter distribution (Rodriguez et al. 2014).
We perform two different analyses: in the first one we
generate data with a non-zero value for fEdd and include
it as a free parameter in the Bayesian analysis, in or-
der to estimate with what precision it can be recovered.
In the second case, data are also generated with a non-
zero value of fEdd, but when doing the analysis we set
fEdd = 0 in the templates, in order to measure the bias in
the parameter estimation. In all cases, the posterior dis-
tribution is computed using Bayes’ theorem. Additional
details are given in Appendix B.
4. RESULTS
4.1. Event rates for SOBHBs
For the simulated astrophysical populations we first
use a Fisher matrix analysis to quantify the possibility
to measure fEdd at a given precision. Table 1 shows
the average number of detected SOBHBs, and the num-
ber of SOBHBs for which fEdd can be measured within
a given precision. The results are obtained by averaging
the Fisher matrix over sky position and source inclination
(while neglecting, as already mentioned, the LISA con-
stellation’s motion), for different injected values of fEdd.
Our results for the total number of detected events are
consistent with Tamanini et al. (2019); Sesana (2016).
In particular, for the LISA+Earth case and a 10 yr
mission, super-Eddington accretion fEdd ≈ 10 can be
measured within 50% precision in about 15% of the total
detectable events (≈ 200), while a measurement within
10% is only possible in ∼ 2% of the events. Note that the
statistical errors scale approximately linearly with fEdd.
Therefore, when injecting a lower accretion rate the num-
ber of events for which accretion is measurable is signif-
icantly smaller. For example, fEdd = 1 is marginally
detectable in . 1 event in the most optimistic scenario,
whereas smaller values of the accretion rates are not mea-
surable.
As expected, a multiband observation improves the
measurements of a negative-PN term, including the -4PN
term due to accretion: the event rates for the LISA-only
case are thus smaller by a factor of a few relative to the
LISA+Earth case.
4.2. Measuring accretion and sky localization
For our MCMC analysis we select one representative
SOBHB system from our synthetic astrophysical cata-
logues, and choose two optimistic IMBHB systems on
the basis of a Fisher matrix analysis spannning the pa-
rameter space, i.e. the errors on fEdd provided by the
chosen IMBHBs are roughly the smallest throughout the
parameter space. In more detail, the systems that we
consider are
• A SOBHB with m1 = 42.1 M, m2 = 39.8 M,
χ1 = 0.008, χ2 = 0.44, at a distance dL = 416 Mpc;
• An IMBHB with m1 = 315 M, m2 = 284 M,
χ1 = 0.9, χ2 = 0.85, referred to as “light IMBHB”;
• Another IMBHB with m1 = 1000 M, m2 =
900 M, χ1 = 0.9, χ2 = 0.85, referred to as “heavy
IMBHB”.
For all three sources we set tc ≈ 10 yr. We study the
IMBHB systems at two different redshifts, z = 0.1 and
z = 0.5, in order to estimate up to what distance the
presence of accretion in the binary would be detectable.
The IMBHBs’ masses are in the source frame and are
kept fixed when the redshift is changed.
For each realization of the angles (θ, φ, ι, ψ), we com-
pute and sample the posterior distribution as explained
in Appendix B. As expected, the precision of the param-
eter measurements increases with the SNR. We find that
the accretion parameter is strongly correlated with the
intrinsic parameters of the source (M, µ/M , f0, χs, χa),
where χs and χa are defined in Appendix B.
In Fig. 2 we show the marginalized distributions of
fEdd for the chosen SOBHB system, for various SNRs
and for an injected value of fEdd = 1.
For the high and the medium SNR cases, already in
the LISA-only scenario the posteriors indicate the pres-
ence of accretion. The marginalized distribution for fEdd
can be compared with those obtained when constraining
modifications of GR (some of which affect the vacuum
waveform in a similar fashion as accretion, i.e. at neg-
ative PN orders) in the parameterized post Einsteinian
6Fig. 2.— Marginalized distributions of fEdd for the considered SOBHB for various realizations of the angles, and in the scenarios
LISA+Earth (green) and LISA-only (red). Red lines indicate the injected value of the accretion rate, fEdd = 1. In the LISA+Earth
scenario and for higher SNR the marginalized distribution is strongly peaked but still consistent with fEdd = 0.
framework (Yunes and Pretorius 2009). In that case,
as discussed in an upcoming paper (Toubiana, Marsat,
Babak and Barausse 2020), the marginalized distribution
of the non GR-parameters is mostly flat up to a thresh-
old (representing the upper bound that can be placed
on the parameters under scrutiny), and then goes to 0.
In contrast, we see in Fig. 2 that for high and medium
SNR in the LISA-only scenario, the distribution peaks
at some nonvanishing value, indicating the presence of a
non-zero modification to the vacuum waveform.
In Fig. 3 we show the same as in Fig. 2, but for an
injected value of fEdd = 10. This high accretion rate can
be detected more easily even in the low SNR case and
in the LISA-only scenario, since in this case fEdd = 0 is
outside the support of the distribution. Thus, for super-
Eddington accreting binaries in the LISA band, there is
a concrete chance to detect the effect of high rates of
accretion on the waveform for most SOBHB events.
In Table 2 we show the recovered 68% confidence in-
tervals (CI) and median values for fEdd and the sky lo-
calization (∆Ω). In the fEdd = 1 case, since the distri-
bution is leaning against the boundary of the prior (see
Fig. 2) we define the 68% CI for fEdd by taking the lower
68% values. Instead, in the fEdd = 10 case, the interval
is centered around the median values. The marginalized
distributions for ∆Ω are approximately Gaussian and are
centered around the injected value. Thus, we define the
solid angle as (Cutler 1998):
∆Ω = 2pi
√
(Σφ,φ)(Σcos(θ),cos(θ))− (Σφ,cos(θ))2 . (7)
We show the same quantities for our IMBHB events
in Table 3. There, in the case fEdd = 1, we define the
68% CI for fEdd centered on the median, and in the case
fEdd = 0.1 we define it by taking the lower 68% values.
In all cases considered here, the error on the sky local-
ization is much smaller than the nomimal field of view of
future X-ray and radio missions, potentially allowing for
the detection of electromagnetic counterparts. We will
discuss this possibility in Sec. 4.3.
f injectedEdd = 1 f
injected
Edd = 10
fEdd ∆Ω (deg
2) fEdd ∆Ω (deg
2)
High SNR 0.68+0.02−0.68 0.14 9.46
+0.53
−0.83 0.14
Medium SNR 0.70+0.25−0.70 0.06 9.23
+0.77
−1.23 0.06
Low SNR 1.18+0.50−1.18 0.33 8.82
+1.85
−2.96 0.34
Fisher matrix 1.00+1.20−1.20 – 10.00
+1.20
−1.20 –
TABLE 2
Recovered 68% CI on the accretion parameter fEdd and on
the sky localization ∆Ω for SOBHBs and for various
realizations in the LISA+Earth scenario. The last row
gives the statistical error estimated with a Fisher-matrix
analysis. The presence of accretion should be detected
for super-Eddington accreting systems. The error on the
sky position is always within the field of view of Athena
and SKA, allowing (potentially) for electromagnetic
followup.
f injectedEdd = 0.1 f
injected
Edd = 1
fEdd ∆Ω (deg
2) fEdd ∆Ω (deg
2)
Light IMBHB 0.14+0.04−0.14 0.01 1.05
+0.10
−0.11 0.01
Heavy IMBHB 0.17+0.05−0.17 0.007 1.04
+0.15
−0.27 0.006
Fisher matrix 0.10+0.38−0.38 – 1.00
+0.38
−0.38 –
TABLE 3
Recovered 68% CI on the accretion parameter fEdd and on
the sky localization ∆Ω for the IMBHBs considered in
this work, at redshift z = 0.1. The statistical error
estimated with our Fisher-matrix analysis is similar for
the two IMBHBs. The presence of accretion should be
detected for Eddington accreting systems. As for
SOBHBs, the error on the sky position is always within
the field of view of Athena and SKA.
While overall in qualitative agreement, the differences
between Fisher-matrix and MCMC results could be due
to the effect of the priors, to the non-Gaussianity of
7Fig. 3.— Same as Fig. 2 but for an injected value of fEdd = 10. Accretion is detected in all scenarios and for any angle realization.
the posterior distribution, to the treatment of the an-
gles, and/or to the finite SNR of the sources considered.
Nonetheless, the predicted errors on fEdd are of the same
order of magnitude in both treatments, confirming the
main conclusions we drew for SOBHBs using the Fisher
analysis.
In Fig. 4 we compare how well can we recover fEdd for
IMBHBs at different redshifts, for injected fEdd = 1. If
the system is too far, the distribution tends to be flat
and the effect of accretion is hardly noticeable. This is
because of the lower SNR, but also because the detector-
frame mass becomes larger at higher redshift, speeding
up the evolution of the system and thus providing less
information on negative PN-order modifications.
Finally in Fig. 5 we show how well can we recover fEdd
in IMBHBs for an injected values of fEdd = 0.1 at z =
0.1. As in the case of SOBHBs commented above, the
marginalized distribution is compatible with fEdd = 0,
but the presence of a clear peak at fEdd 6= 0 favours the
presence of accretion.
4.2.1. Estimating biases
The above results indicate that if accretion is present
it could lead to a measurable change in the GW signal.
Thus, if accretion is not taken into account, the esti-
mation of other source parameters could be significantly
biased. Since fEdd correlates mostly with the intrinsic
parameters of the source, the latter should be the most
affected.
For SOBHBs in the LISA-only scenario, we find that
in the three cases (high, medium, and low SNR), the
signal can be recovered by an effectual template with
fEdd = 0, i.e., we find a maximum for the posterior dis-
tribution which, in the worst cases, can be incompati-
ble with the injected real value. The SNR of this ef-
fectual template is very similar to the injection’s SNR
(SNRinj − SNReff . 0.7), and could thus trigger a detec-
tion. The bias in the parameter estimation and the rel-
ative drop in SNR is higher for lower SNR systems and
for higher injected accretion rates. The effectual tem-
plate, in particular, has a higher chirp mass and a higher
mass ratio, while the initial frequency is shifted towards
higher values. In Figs. 6 and 7 we show how this im-
pacts the estimate of the masses and time to coalescence
for two representative values, fEdd = 1 and fEdd = 10.
In both cases, we compare to the recovered distribution
of masses for vacuum GR. The mass of the primary
black hole is shifted toward higher values, whereas the
secondary mass gets lower. As a result, the time to coa-
lescence is underestimated. For super-Eddington accre-
tion, this shift in time to coalescence is at the level of
tens of seconds. A multi-band observation could then
help identify a bias due to accretion in the parameter
estimation, since ground-based detectors would measure
very precisely the time to coalescence when the signal
enters in their band (Sesana 2016).
In order to estimate this possibility, we repeat the
above analysis in the LISA+Earth scenario. In this case
the time to coalescence is constrained to within 1 ms from
its true value, so no bias in tc is possible. Nevertheless,
signals can still be recovered by an effectual template,
although with a larger mismatch from the true signal.
In Fig. 8 we show the difference between the recovered
masses and total mass and the injected values. More in
general, ground based detectors should be largely insensi-
tive to these low frequency terms, as discussed in Carson
and Yagi (2019b). In this forecast study, the projected
constraint on -4PN terms with the planned third gen-
eration detector Cosmic Explorer is ten orders of mag-
nitude worse than the projected constraint with LISA.
We thus expect that observations with ground based de-
tectors should not be biased by omitting -4PN terms.
Therefore, for values of fEdd for which the LISA param-
eter estimation is significantly biased, the posterior dis-
tributions obtained with LISA and with ground based
detectors might not even be compatible, which would
hint at an unmodelled effect.
It is noteworthy that for the SOBHB events the sky
localization is barely affected by accretion and remains
excellent, as the distribution remains a Gaussian cen-
tered around the injected values with errors similar to
the ones shown in Table 2. In the case of IMBHBs, on
8Fig. 4.— Marginalized distributions of fEdd for our two IMBHB systems at redshifts z = 0.1 (red) and z = 0.5 (green) for an injected
value of fEdd = 1. Accretion can be measured in both systems at z = 0.1, but not at higher redshift.
Fig. 5.— Marginalized distributions of fEdd for our two IMBHB sources for injected values of fEdd = 0.1 (green) and fEdd = 1 (red) at
z = 0.1. Accretion at this redshift needs to be approximately Eddington-level or stronger to be measured.
the other hand, there is also a bias in the sky localiza-
tion, i.e. the injected value may lie outside the 90% CI.
This is due to the very small errors in sky position, and
in fact the the true localization is very close to the recov-
ered one, within 0.05 deg2. Therefore, for most realistic
purposes the sky localization is satisfactorily recovered.
Since we did not consider any modification to the
GW amplitude, there is no strong correlation between
fEdd and the luminosity distance dL. Thus, when fix-
ing fEdd = 0 as we did here, there is no bias on the
estimation of dL, contrary to the Fisher-matrix analy-
sis in Tamanini et al. (2019), who also used waveforms
modifying GR at -4PN order in phase, but included the
leading-order modification to the amplitude too.
4.3. Prospects for multiband and multimessenger
astronomy
According to our MCMC analysis, both SOBHBs and
IMBHBs can be localized in the sky to within the fields
of view of X-ray and radio instruments such as Athena
WFI and SKA , ∆ΩAthena = 0.4 deg
2, ∆ΩSKA = 0.5 deg
2
(SKA White Paper 2014; Meidinger 2018). This will al-
low the relevant region of the sky to be covered in a
single viewing11, thus potentially allowing for the coinci-
dent detection of an X-ray and/or radio counterpart to
strongly-accreting black hole binaries. Even if the sky
11 In some cases, the correlation between the sky position angles
can imprint an asymmetric shape to the localized region, which
might therefore partially fall outside the field of view. However,
this would still only require O(1) viewings.
9Fig. 6.— Bias in the SOBH binary masses and time to coalescence induced by ignoring the corrections due to accretion when fEdd = 1,
for various angle realizations in the LISA-only scenario (blue) compared to the displacement found in vacuum systems. Boxes and whiskers
delimit the 50% CI and the 90% CI, respectively, and both are centered around the median, indicated by lines inside the boxes. For this
level of accretion bias is not significant, even for the high SNR realization.
Fig. 7.— Same as in Fig. 6 but comparing fEdd = 0 with fEdd = 10. Bias here is significant for all SNR realizations.
localization was biased, as might be the case for IMB-
HBs, we estimated that the true position would still fall
inside the field of view of the instruments. In the fol-
lowing, we compute the X-ray and radio emission of the
binaries, and estimate the necessary integration time for
detection by a single instrument viewing.
We start by estimating the X-ray flux. For this pur-
pose, we assume that the accretion process has radia-
tive efficiency η = 0.1 (which is good approximation at
fEdd < 1), and that only a fraction ηX = 0.1 of the EM
radiation is emitted in X-rays (“bolometric correction”).
We find the X-ray flux from a single accreting black hole
to be
FX ' 1× 10−13fEdd
( M
M
)(Mpc
dL
)2
erg cm−2 s−1 . (8)
This should be compared with the flux sensitivity of the
Athena WFI for a given integration time, Tint. Follow-
ing McGee, Sesana and Vecchio (2018), Athena’s flux
sensitivity for a 5σ detection is
FAthenaX = 1× 10−15
(
103 s
Tint
)1/2
erg cm−2 s−1 . (9)
The minimum integration time for a binary where only
one black hole is emitting is then given by
Tint ' 8× 10−2 f−2Edd
(
dL
Mpc
)4 (
M
M
)2
s . (10)
Note that if the two black holes have similar mass and are
both accreting, the cumulative flux is given by twice the
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Fig. 8.— Same as in Fig. 6 but for the LISA+Earth scenario. We show mtot rather of tc, the latter being fixed by the narrow prior in
this scenario. Bias in the masses can still be significant for medium and high SNR realizations, despite the constraint provided by ground
based detectors.
value in Eq. (8) and therefore the minimum integration
time is one fourth of that in Eq. (10).
For the best-candidate SOBHB event in our synthetic
astrophysical catalogues, the required exposure time is
Tint & 1 × 106 f−2Edd s. Thus, even if we were to assume
fEdd ≈ 1, the integration time would have to be of sev-
eral days. Assuming super-Eddington accretion fEdd > 1
is unlikely to help as the radiative efficiency is expected
to be considerably lower than our assumed η = 0.1, i.e.
the bolometric luminosity is not expected to significantly
exceed the Eddington luminosity (Shakura and Sunyaev
1973; Poutanen et al. 2007; Sadowski 2011). Moreover,
as previously discussed, high accretion rates in SOB-
HBs likely require environments with large gas densities,
whose optical thickness further reduces the chances of an
EM detection. For the considered IMBHB systems, the
required integration time is between 24 and 2 hours for
Eddington-level accretion, for the light and heavy sys-
tems, respectively. This estimate suggests that detection
of X-ray counterparts will be possible for highly-accreting
IMBHBs.
A binary system in external magnetic fields may also
launch dual radio jets, which get amplified by the coa-
lescence (Palenzuela, Lehner and Liebling 2010) relative
to similar jets observed in isolated black holes (Steiner,
McClintock and Narayan 2012). See also Moesta et al.
(2012) for simulations that yield ∼100 times larger
(though less collimated) fluxes than Palenzuela, Lehner
and Liebling (2010). Assuming a fiducial value η = 0.1
for the radiative efficiency of the process and ηradio = 0.1
for the fraction of emission in the radio band, the corre-
sponding peak flux12 is (Palenzuela, Lehner and Liebling
12 The peak sensitivity is reached when the orbital velocity is
equal to that of the innermost circular orbit.
2010; Tamanini et al. 2016)
Fflare ' 2× 10−13 fEdd q2
(
DL
Mpc
)−2(
M
M
)
× erg cm−2 s−1 , (11)
where q ≤ 1 is the mass ratio. The flare flux can then
be compared with the SKA-mid sensitivity in the phase
1 implementation. The required sensitivity at frequency
νSKA for SKA,
FSKA = 5× 10−16
(
10−2 s
Tobs
)1/2 (νSKA
GHz
)
erg cm−2 s−1 ,
(12)
is reached for an observation time Tobs ∼ 10−2 s for our
best SOBHB event. The observation time should be
smaller than the duration of the merger (i.e., the du-
ration of the flare) for the system (Steiner, McClintock
and Narayan 2012), Tflare ∼ 25 M100M ms. This condi-
tion is not satisfied for SOBHBs. There is however the
concrete possibility to detect a signal in the radio band
for IMBHBs, for which for the light and heavy systems
Tobs ≈ 40 – 4 ms < Tflare. The performance of full SKA
should improve by an order of magnitude with respect
to Eq. (12), reducing the required integration time by a
factor 100.
5. DISCUSSION
SOBHBs and IMBHBs provide the opportunity to
measure the effect of accretion, which might affect the
GW waveform at low frequencies. Our analysis suggests
that a multiband detection with LISA and a ground-
based detector will be able to measure the accretion pa-
rameter of strongly-accreting SOBHBs to within 50%
precision for a few events. For these systems, neglecting
accretion in the waveform template might lead to biases
in the recovered binary parameters. These biases can
be alleviated by an accurate measurement of the time of
coalescence by a ground-base detector.
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IMBHBs in the local universe, if they exist as LISA
sources, might also provide very accurate measurements
of the accretion rate. Overall, for these systems the effect
of accretion should be included in the waveform to avoid
bias in the intrinsic binary parameters.
Finally, accretion does not affect sky localization by
LISA for SOBHBs and it impacts that of IMBHBs only
mildly. In both cases, the measurement errors are typ-
ically well within Athena’s and SKA fields of view.
Furthermore, the X-ray flux expected from strongly-
accreting binaries is comparable with Athena’s sensitiv-
ity and is well above the sensitivity of future missions
such as Lynx (The Lynx Mission Concept Study Interim
Report 2018). Likewise, in the case of jets the radio signal
from IMBHBs could be detectable by SKA. Our analysis
shows that the simultaneous operation of Athena/SKA
and LISA would therefore provide the thrilling oppor-
tunity to detect the EM counterpart of highly accreting
black hole binaries.
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APPENDIX
ACCRETION TERM IN THE GW WAVEFORM
An accreting binary can be described by a Hamiltonian H(q,p), where the masses vary adiabatically. As shown
for instance in Landau and Lifshitz (1960) and Sivardie`re (1988), the action variables Iq =
∮
pdq/(2pi) are adiabatic
invariants. In our case, working in polar coordinates r, φ and in the center of mass frame, we then have that Iφ = pφ
and Ir =
∮
prdr/(2pi) are conserved under accretion. The latter implies that circular orbits remain circular under
accretion, while the former is equivalent to the conservation of the orbital angular momentum under accretion.
Then, to leading order, angular momentum is only lost through GWs (Peters 1964),
L˙GW = −32m
2
1m
2
2M
1/2
5 r7/2
= −32
5
µ2ω7/3M4/3 . (A1)
Defining the reduced angular momentum L˜z = Lz/µM =
√
r/M , the evolution of the binary can be obtained through
˙˜Lz =
L˙GW
µM
. (A2)
Integrating Eq. (A2), we find the evolution of the orbital frequency,
ωGW(t) =
(
ω
−8/3
0 −
256
5
M2/3 µ t
)−3/8
, (A3)
where ω0 = pif0 is the initial orbital frequency. The time as a function of the orbital frequency is found inverting this
expression,
tGW(ω) = tc − 5
256µM2/3 ω8/3
, (A4)
where tc is the merger time in the Newtonian approximation. In the stationary-phase approximation, the GW phase
reads (Cutler and Flanagan 1994; Maggiore 2008)
φGW(f) = 2piftc + φc − 2
∫ tc
t
ωGW(t
′)dt′ = 2piftc + φc +
3
4
(8piMf)−5/3 ,
where φc is the phase at merger.
We shall now compare these known results with what happens in the presence of mass accretion. We assume that
the binary is surrounded by gas and that both bodies are accreting mass at a same fraction of the Eddington rate,
mi(t) = mi,0 e
fEdd t/τ , (A5)
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where τ = 4.5 × 107 yr is known as the Salpeter time scale and mi,0 is the initial mass of the i-th body. When this
time dependence is taken into account in the expression for the angular momentum, Eq. (A2) acquires an extra term:
˙˜Lz =
L˙GW
µM
− L˜z
˙(µM)
µM
. (A6)
In this equation, all masses should be considered time dependent, except the ones appearing in the angular momentum
radiated by GWs. This is because accretion cannot be considered adiabatic compared to GW emission.
Accretion will in general be accompanied by a drag force ~Fdrag due to the fact that the accreted material carries some
angular momentum. This effect can be quantified as
~Fdrag,i = m˙i(~vgas − ~vi) . (A7)
for each mass, where ~vi is the velocity of the i-th body. For simplicity we parametrize this effect with a constant factor
ξ, fixed by the relative velocity between the gas and the perturber (Barausse and Rezzolla 2008; Barausse, Cardoso
and Pani 2014),
~Fdrag,i ' −ξ m˙i~vi → L˙drag = −ξ µ˙ r2ω . (A8)
Note that the parameter ξ can be positive (drag) or negative (pull, see e.g. Gruzinov, Levin and Matzner 2019). At
leading order in fEddξ, the term L˙drag/µM should be added to the right-hand side of Eq. (A6) to take the effect of
the drag into account.
We can now solve the total angular momentum variation equation for the orbital frequency,
ωacc(t) = 5
3/8efEdd
(3ξ+5)
τ t
5ω−8/30 − 768µ0M2/30 τ
(
efEdd
(24ξ+35)
3τ t − 1
)
(24ξ + 35)fEdd
−3/8 , (A9)
where M0 and µ0 are the initial values of the total and reduced mass, respectively. This expression cannot be inverted
exactly to find t = t(ω). We therefore use a perturbative expansion valid when the accretion correction is small,
i.e. we assume tacc(ω) = tGW(ω) + fEdd t
(1)
acc(ω) + O(f2Edd). We verified this to be an excellent approximation in all
realistic situations, including when fEdd ∼ 1 − 100. This is because the dimensionless parameter always appears in
the combination fEdd · t/τ , which is always small for the evolution times scales that we consider.
In terms of the GW frequency, we find
t(1)acc(f) = −
25
(
pi16/3f16/3(24 ξ + 35)− 3pi16/3f16/30 (8 ξ + 15) + 10pi16/3 (ff0) 8/3
)
393216pi32/3 (ff0) 16/3µ20M
4/3
0 τ
. (A10)
Finally, we can compute the contribution of accretion to the GW phase in the stationary phase approximation,
h ∼ |h| eiφ, at first order in perturbation theory, i.e. φ ' φGW +φacc = 2pif
(
tGW + fEdd t
(1)
acc
)
−∫ tGW+fEdd t(1)acc
0
2ωacc dt.
We find, again as a function of the GW frequency,
φacc =− fEdd (8 ξ + 15) 75M0
851968 τ
(pifM0)−13/3 + fEdd 25
32768pi8/3 f
8/3
0 M5/30 τ
(pifM0)−5/3
+ fEdd (3 ξ + 4)
25
19968pi13/3 f
13/3
0 M10/30 τ
− fEdd (24 ξ + 35) 25
196608pi16/3 f
16/3
0 M13/30 τ
(pifM0) . (A11)
In the expression above, the terms linear in frequency and independent of frequency can be reabsorbed in the definition
of the time to coalescence tc and the phase at coalescence φc, respectively. Eq. (A11) tells us that the GW signal will
be dominated by the effect of accretion if the frequency is sufficiently low. By comparing the size of the leading order
phase term (0PN) in the vacuum waveform and the -4PN term induced by accretion, we find that accretion is the
dominant effect at frequencies below
facc ' 1
pi
(
25
3
45
6656
fEdd
τ
)3/8
M−5/8 . (A12)
While in Eq. A11 we show all the terms of the expansion, we have verified that the -4PN term dominates. The
inclusion of the 0PN term changes the results of the main text by less than 1%. This is expected since most of the
binary evolution in the LISA band takes place at large separation/low frequencies.
In the analysis presented in the main text we discarded the terms proportional to the drag coefficient ξ, which would
add an additional parameter in our waveform and require proper modeling of the distribution of the gas and its velocity
around the black holes. From the functional form of Eq. (A11) we can see that neglecting the drag does not affect the
frequency dependence of the GW phase, while it might affect the size of the effect. However, fEdd and ξ enter the two
leading terms in Eq. (A11) in different combinations, which would help disentangle the two effects. Indeed we checked
that for generic values of ξ the time and phase shifts presented in Fig. 1 do not vary dramatically.
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DETAILS ON THE MCMC ANALYSIS
Using Bayes’ theorem we compute the posterior distribution for ζ, the multidimensional vector parameterizing a
waveform template h given observed data d:
p(ζ|d) = p(d|ζ)p(ζ)
p(d)
(B1)
For the prior, p(ζ), we assume a flat distribution in m1 and m2 with m1 ≥ m2 ≥ 3M, flat in spin magnitude
between −1 and 1, volume uniform for the source localization and flat in the source orientation, its polarization
and its initial phase. In the LISA-only scenario we assume a flat prior in initial frequency and in the LISA+Earth
scenario we use instead a Gaussian prior centered around the true value of tc of width σtc = 10
−3s. Assuming Gaus-
sian noise, the likelihood is given by p(d|ζ) = e− 12 (d−h|d−h) where parenthesis denote the inner product defined by:
(h1|h2) = 4Re
(∫ h˜1(f) h˜2∗(f)
Sn(f)
df
)
. In the denominator, Sn(f) is the detector power spectral density, indicating the
level of noise at a given frequency.
To sample the posterior distribution we use a Metropolis Hashtings Markov Chain Monte Carlo (MHM-
CMC) (Karandikar 2006; Understanding the Metropolis-Hastings Algorithm 1995) algorithm that we designed for
this problem. More details will be given in an upcoming publication (Marsat, Baker and Dal Canton 2020; Toubiana,
Marsat, Babak, Baker and Dal Canton 2020). The basic idea of the algorithm is to explore the parameter space through
a Markov chain generated with a symmetric proposal pi, pi(ζ1, ζ2) = pi(ζ2, ζ1). Starting from a point ζ0, we accept the
proposed point ζp with a probability given by the ratio of the posterior distribution,
p(ζp)
p(ζ0)
. By doing so we accumulate
samples representing the distribution. In order to increase the sampling efficiency, we parametrize the waveforms with
parameters for which – based on the PN expressions (Buonanno, Cook and Pretorius 2007; Buonanno et al. 2009) –
we believe the posterior distribution is simpler. We take ζ = (M, µ/M, f0, χs, χa, fEdd, φ, sin(θ), ψ, φ0, cos(ι), log 10dL)
in the LISA-only scenario. In the LISA+Earth scenario we use tc instead of f0. Here χs is the symmetric combination
of spins
χs =
m1χ1 +m2χ2
m1 +m2
, (B2)
while χa is the corresponding antisymmetric combination,
χa =
m1χ1 −m2χ2
m1 +m2
. (B3)
For the proposal pi, we use a Gaussian distribution based on Fisher matrix. To ensure we have independent samples
we downsample the chain using the autocorrelation length.
To strenghten our confidence in our MHMCMC we cross-checked our results obtained with it to the ones obtained
with Multinest, a public nested sampling algorithm (Feroz, Hobson and Bridges 2009; Skilling 2006).
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